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A method is developed for constructing stability criteria applicable to Earth-pointing motions of elastic,
dissipative satellites posessing a finite number of degrees of freedom. The method is explicit in the sense that it
leads to inequalities formulated entirely in terms of readily available quantities. In addition, explicit conditions
that guarantee pervasive damping are stated. This makes it possible to establish instability or asymptotic stability
with relative ease. To illustrate the procedures under consideration, the method is applied to a specific satellite

configuration.

I. Imtroduction

METHOD for generating stability criteria

pplicable to spinning, torque-free, deformable satellites
was described! recently. The present paper deals with a
similar approach to the construction of stability criteria for
Earth-pointing, deformable satellites in circular orbits. As
before, external and internal stability conditions are un-
coupled from each other, which can lead to substantial
savings in the labor associated with a given problem. In ad-
dition, requirements for pervasive damping are set forth ex-
plicitly. Thus, using the results here reported, one can predict
instability or asymptotic stability after carrying out a number
of relatively simple instructions.

The principles upon which this work is based have been em-
ployed by many authors. Analyses that bear a particularly
close resemblance to the one at hand are those of Pringle, %4
Willems, 3¢ and Buckins et al.” All of these involve the use of
the Hamiltonian as a Liapunov testing function. This ap-
proach has been used also to deal with systems containing
continuous elements,#1® which, at first glance, may appear to
fall outside the scope of the present theory, but which can, in
fact, be brought under its purview by modeling continuous
elements as -collections of discrete elements. Finally,
numerous specific satellite configurations have been in-
vestigated in terms of this methodology. For example,
Bainum and Mackison!! presented stability conditions for a
satellite originally proposed by Tinling and Merrick, > Nelson
and Meirovitch!® considered a satellite consisting of rigid
body and iwo spring-supported particles; and Bainum et al.'4
obtained stability information for a tethered satellite by these
means. However, there also exist other roads leading to ex-
plicit conditions for instability or asymptotic stability. For
example, Robe!® used the method of Routhian arrays'® in
connection with a tethered satellite; the Routh-Hurwitz!?
technique was applied to the Vertistat satellite'®; and a
satellite carrying a two-degree-of-freedom boom was analyzed
recently!? in terms of the criteria of Lienard and Chipart.?
The results of the present paper apply to all of these problems.

II. System Description

The system to be studied is a deformable body S composed
of particles and rigid bodies. These are connected to each
other in such a way that the associated constraint equations
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are time-independent and holonomic, and such that S
possesses n ‘‘internal’’ degrees of freedom; that is, n
generalized coordinates ¢y,...,q, suffice for a complete
description of the relative disposition of all parts of 4. It is
assumed that S moves in a Newtonian reference frame N
under the action of gravitational forces exerted by a particle £
(representing the Earth) of mass u; and the distance between E
and every point of S greatly exceeds the largest dimension of
S. Under these circumstances, £ may be regarded as fixed in
N; the mass center S* of S can move in an esséntially circular
orbit of radius p, centered at E, and fixed in N; and the
angular speed that characterizes this motion is given by Q=
(Gro~?)", where G is the universal gravitational constant.

One can complete the description of such a motion by
specifying, in addition to ¢,,...,q,, the relative orientation of
two dexiral sets of orthogonal unit vectors, a;, a,, a3, and by,
b,, b;, those of the first set being, respectively, parallel to the
line segment E — S*, to the tangent to the orbit, and to the or-
bit normal, whereas those of the second set are, respectively,
parallel to (instantaneous) central principal axes of inertia of
S. To this end, we introduce reference frame A, in which a,,
a,, a; are fixed, and reference frame B, in which b,, b,, b;
are fixed, and let 6;, 6,, and 6; be the radian measures of
angles such that one can bring B into a desired orientation in
A by aligning b, with a; (k=1,2,3) and then performing suc-
cessive rotations characterized by the vectors 6,b,, 6,b,, and
03;b;. We refer to 8;, 6,, and 03 as ‘‘external’’ coordinates
whereas ¢q,,...,q, are called ‘‘internal coordinates. '

The only external forces acting on § are the gravitational
forces exerted by E. Their contributions to the generalized ac-
tive forces F by and F, are presumed to be given with suf-
ficient accuracy by

(Fo ) g=—W(0,9) «

(Fq,) E= W(exq) r

(k=1,2,3) 1)
(r=1,...,n) 2

where W (0,q) is a function of 8, and g, (k=1,2,3;r=1,...,n)

which can be expressed as?!

W(b,q) = —2710%1J (q) +J,(q) +J5(q) —3a,-J(q) -a,]
3)

where J,(q), J,(q), and J;(g) are, respectively, the central

principal moments of inertia of S associated with by, b,, b3,
and J(g) is the central inertia dyadic of S; that is

J@)=J;(@)bib; + J,(q)bb; + J;(q)b3h;  (4)
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In Egs. (1) and (2), as throughout the remainder of the paper,
a subscript comma followed by one or more letters denotes
partial differentiation with respect to external variables when
the letter is k or ¢, and with respect to internal variables when
the letter is r or s. If the quantity being differentiated is a vec-
tor function, a left superscript designates the reference frame
in which the differentiation is to be performed.

Internal forces, that is, forces exerted by parts of S on each
other, are presumed to be such that their contributions to the
generalized active forces 7, . and F,_can be expressed as

(Fap) =0 (k=1,2,3) ®)

(Fo)1=~V(@) ,~D(q.q)  (r=L..n) (6

where V(q), which has the character of a potential function,
denotes a function of ¢,,...,q,, whereas D,(q,4), which is
associated with energy dissipation is a function of
qi---q Q1.4 ,, such that

D,(q,0)=0 (r=1,..., n) )
D, (q.q9) ¢,=20 ®

Here, as in the remainder of the paper, the summation con-
vention is used; that is, a repeated subscript index in a product
indicates a summation in which this index takes on all values
in its natural range (1,2,3 for k and ¢, and 1,...,n for r and s).
If the equality sign in (10) holds only when ¢q,,...,¢, all
vanish, the system S is said to have complete internal
damping.

HI. Stability Conditions

Stability conditions will be stated? for motions during
which 6,=¢q,=0 (k=1,2,3; r=1,...,n). Such motions are
referred to as Earth-pointing because they occur when all par-
ticles and rigid bodies of S remain fixed in the orbital refer-
ence frame 4. (Requiring the internal coordinates to vanish
represents no restriction on the configuration of S, since coor-
dinates that vanish when S assumes a particular configuration
always can be found. As for the external coordinates, their
vanishing implies that the central principal axes of S
corresponding to b;, b,, and b; are, respectively, parallel to
the local vertical, to the tangent to the orbit, and to the orbit
normal.)

Speaking loosely, one can call an Earth-pointing motion
stable if the system reacquires this motion, or at least acquires
a motion closely resembling it, subsequent to every suf-
ficiently small disturbance. To deal with this idea incisively,
we define stability of an Earth-pointing motion in terms of the
behavior of a point 7 with coordinates 6,(?), §,(9), q,(), 4,
(k=1,2,3; r=1,..., n) in a 2(n+ 3)-dimensional vector space.
An Earth-pointing motion is said to be stable if and only if
there exists a neighborhood Q of the origin 0 of the space such
that, if 7 lies in Q at t =0, then = remains in Q for all #>0. If,
in addition, 7 approaches 0 as ¢ approaches infinity, then the
Earth-pointing motion is said to be asymptotically stable.

The formulation of the stability criteria to be presented
requires the selection of a (not necessarily unique) Cartesian
set of orthogonal coordinate axes, Z;, Z,, Z;, originating at
S*, fixed in a reference frame Z, and oriented relative to S in
such a way that two requirements are met: 1) the orientation
of each axis depends uniquely on the values of ¢,,...,q,, and
2) Z;, Z,, Z; are, respectively, parallel to b;, b,, b3 when
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q,=0(¢=1,...,n).Once Z,, Z,, and Z; have been selected, let
2}, 2 Z3 be a dextral set of unit vectors, respectively, parallel
to Z,, Z,, Z;, and define I, (q) as

Li@) 2 z;-0(9) 2 Gk=1,23) ©)
The formulation of stability criteria for an Earth-pointing
motion now can be summarized as follows:

1) Select g,,...,q,; form V(g) [see Eq. (6)], and, using a
tilde over a quantity to denote evaluation at g, =0 (r=
1,...,n), compute ¥V ,and V  (r,s=1,...,n).

2) Identify an Earth-pointing motion of interest; designate
the central principal axis of S which is parallel to the local ver-
tical as 1, the principal axis parallel to the orbit tangent as 2,
and the principal axis parallel to the orbit normal as 3; select
Z,, Z, Zj introduce z; 2 z3; and form Iy, I, I,
[,/m Iprs I, and 133,5 U, k=1,2,3; r,s=1,...,n) [see
Eq. 9)].

3) Verify that the Earth-pointing motion under con-
sideration can, in fact, occur by ascertaining that g, =0
(r=1,...,n) is a solution of the internal equilibrium eguations

V,+ Q,,-2"1,,~I;,)=0 (r=1,.,n) (10)

4) Formulate the external stability conditions:

I33—15,>0 an

I,—1,;>0 (12)

5) Form a symmetric nXn matrix [Z ] whose typical
element Z , is defined as [see Ref. 1, Eq. (75))

- _ . - - /P

Z,rs 'A_‘ V,rs + Qz [Ill,rs -2 —1122,rs _133,r5 -3 —_I%LIZ—S

Ip-1,

Iisiliss Ty3. D33 :} (13)

- T - =
Iy -1y Iy3—15

Apply Sylvester’s criteria?? to [Z ] to formulate n internal
stability conditions [these conditions are analogous to Eq.
(75) of Ref. 1]

Z,lI Z.In

>0 (14)

Z,nI Z,’m

6) Formulate the pervasive damping conditions (see Sec. 5
for a definition of pervasive damping). For many systems, the
following procedure is useful in establishing explicit con-
ditions sufficient to guarantee pervasive damping:
FormK,, K,, K;, and C(K,, K, K;) as

~ A - ~ =

K= (Ip—1I33)/1 (15)
K2A=(1~33—I—11)/722 (16)
1539—‘(i11—i22)/ i33=_(1€1+122)/(1+1211€2) (17)

C(K,R.,R;) 2 9K% + 3(1+3K,—-K,K;) K;—4R K,
(18)
Determine in which region of the exiernal stability chart (Fig.

1) the point K ,,K 2) lies. There are three such regions: K, <
0, K,<1,K, + K,<0; K,;<I, K;<0, K;,+K,>0,
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(I1+3R,-K,K,)?—16K,K,>0; and that portion of
— 1< K;<1(i=1,2) outside of the first two regions. Region 1
corresponds to that part of the K; K, space
in which the external stability conditions are satisfied,
whereas regions 2 and 3 contain points at which at least one of
the external stability conditions is violated. The curve C; in
Fig. 1is the locus of points at which

C(K.K2.K;)=0 (19)

If none of the left-hand members in the inequalities (11, 12
or 14) vanish, the following three steps provide conditions
sufficient for pervasive damping in regions 1 and 2 exclusive
of the curve C;:

6a) Form D,(q,q9),...,D,(q,q), and verify that Eqs. (7) are
satisfied. Form an nXn symmetric matrix [D,;] whose
typical element D, is the partial derivative of D(q,q) with
respect to g, evaluated at gq,=¢,=0 (r=1,...,n). Apply
Sylevster’s criteria to [D, ;] to formulate n internal damping
conditions

~ l)l i 1)1,2
D, >0, ~ _
Dy Dy;
6b) Form the vector Z;; as
5 A {mp x %5, (r=1, .., n) o3}

where m and p are, respectively, the mass and the position
vector from S* to a generic particle of S. The angular brackets
denote summation over all particles of S [see Eq. (27) if the
system contains rigid bodies]. Form the quantities H,, and
H,, given by

H,=2,-Z; -K;' I;, (r=1,...,n) (22

H,=2,-2; ~Rs' I, (r=1...n) 23)

Y4
\\
N

-1 ST T

N

-1

REGION ONE

REGION TWO

NEL

REGION THREE
Fig.1 External stability chart.

J. SPACECRAFT

Any one of the following 2n conditions then is sufficient to in-
sure roll-yaw damping:

H,=0, H,#0 (r=1,..,n) 24
6c) Form H;, as

1:13,=Z3'Z,;,—I€3_1 I~I2,r (r=1,...,n) (25)

Any one of the following 2n conditions is sufficient to insure
pitch damping:

Hy,#0, I33,#0 (r=1, ..., n) 26)

If all of the conditions from 6a, at least one of the con-
ditions from 6b, and at least one of the conditions from 6c are
satisfied, then the system is pervasively damped for regions 1
and 2 exclusive of the curve C,.

When S contains one or more rigid bodies, a number of
simplifications can be made in the foregoing procedure. For
instance, the contribution of a typical such body, say R, to the

Dl,i DI,r'I

>0, . . >0 (20)

quantities formed in step 2 frequently can be found most con-
veniently by the methods described in Sec. VIII of Ref. 1 [see
Egs. (76-81) of Ref. 1]. Furthermore, the contribution
(Z,,-r YrtoZ; [seeEq. (23)] is given by

(Zi Y R=MgFXZ; +R-Z; ® (r=1,...,n) 27

where my is the mass of R, r is the position vector relative to
S* of the mass center R* of R, R is the inertia dyadic of R for
R*, and Z_ ® is the angular velocity of R relative to Z.

When steps 1-6 have been taken, the following conclusions
regarding the stability of an Earth-pointing motion can be
drawn: the Earth-pointing motion is 1) stable if all conditions
from 4 and 5 are satisfied; 2) asymptotically stable if all con-
ditions from 4 and 5 are satisfied and the system is pervasively
damped; and 3) unstable if any of the conditions from 4 or 5
are violated by reversal (that is, the left-hand member of the
inequality is negative), and the system is pervasively damped.

It is worth noting that Fig. 1 is similar to the stability chart
for the Earth-pointing motion of a rigid body in a circular or-
bit.2* For the rigid body, one can show by means of a
nonlinear analysis?* that region 1 is associated with Liapunov
stability; region 2 corresponds merely to infinitesimal stability
(that is, stability as predicted by a study of linearized
variational equations of motion); and region 3 corresponds to
instability. For the flexible, dissipative satellite presently un-
der consideration, region 1 is associated either with stable or
asymptotically stable motion (assuming that the internal
stability conditions are satisfied), and regions 2 and 3
correspond to instability if the system is pervasively damped.
Thus, the character of region 2 changes with the addition of
pervasive damping, an effect noted in various previous
analyses (see, ¢.g., Refs. 2 and 25). ‘

IV. Example

Steps 1-6 now will be carried out for the skewed boom
satellite shown in Fig. 2. This satellite is of practical interest,
and, having but one internal degree of freedom, it can be
analyzed with a minimum of mathematical complexity and is
thus well suited as an illustrative example:

1) In Fig. 2, S* designates the common mass center of two
rigid bodies, X and Y, which together form a system S; x;, x,,



MARCH 1976

and x;=x,;Xx, are unit vectors parallel to the central prin-
cipal axes of X, y,, ¥, and y;=y,xy, are unit vectors
parallel to the central principal axes of Y; and gq,, which plays

the part of (the only) internal coordinate, measures the angle -

between x; and y;. The bodies X and Y can rotate relative to
each other about an axis passing through S*, normal to x, and
¥, and forming an acute angle « with lines parallel to x, and
Y3, so that x;=y; (i=1,2,3) when g, =0. Such rotations are
resisted by a torsion spring and a damper, which exert torques
of magnitude &, lg,| and p, ig, !, respectively, on each of the
bodies, where k;, and p; are certain constants. The con-
tribution (F,,); of these torques to the generalized active force
F,, is given by (F,;),= —k,;q,~p,q,. Hence, if V(g) and
D, (q,q) are defined as

V(q) & vak,q? @8)
D,(q,q9) équ 29)

then (F, ); can be expressed as in Eq. (6), with D,(q,¢)¢; =
w43, which shows that Eags. (7) are satisfied and that the
inequality (8) is satisfied if p, = 0.

2) The Earth-pointing motion of interest is described by
taking g; =0 and requiring both that $* move in a circular or-
bit in accordance with the description in Sec. 2 and that x,,
X,, x3 (and hence y;, y,, y;) remain parallel to E— S*, to the
tangent to the orbit, and to the orbit normal, respectively. For
Z,, Z,, Z;, one may take the principal axes of X for X*. Let-
ting X, X,, X; and Y,, Y,, Y; denote, respectively, the cen-
tral principal moments of inertia of X and Y associated with
Xz, X3, X3 andy;, ¥, ¥, one then finds that

i”=X1 + YI’ i22=X2 + Yg, f33=X3 + Y3 (30)

L=l =13,=0, I,,=(Y,~Y))s, €28
L= (Ys=Y))ca Iy, =0 (32)
11,1=2(Y ;5% + Y5e2-Y)) 33)
i22,11=2(Y1"Y2)5i: i33,11=2(Y1—Y3)Ci (34)

where s, and ¢, denote sin and cosa, respectively.

3) Since V,=1;,,=10,=1I3;,=0, Eq. (10) is satisfied,
and the postulated motion can occur.

4) Inview of Egs. (6), the external stability conditions are

Bx + By—vx—7vy>0 (35)

*
S
X, Pl
=
S -

— | — /
12 v
we / W
/

LS

3
Fig.2 Skewed boom satellite.
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Yx + vv>0 (36)
where 8, By, vx» and vy are defined as

Bx2Xs=X, ByEYs-Y,
'YXéXZ—XI: 'YYA: Y,~Y,.
S) Substituting from Egs. (28 and 30-34) into Eq. (13), one
obtains
Z=k; + P32 vxvy/ (vx +7y)]
+ 4c21BxBy/ (Bx + By)])

To satisfy the inequalities (14), it is thus necessary and suf-
ficient that

ki Q72 4 3silyxyy/ (vx + vy)1]
+ 4cL(BxBy/ (Bx + By)1>0 37

In accordance with step 1 of Sec. 3, the Earth-pointing motion
under consideration is stable if the inequalities (35-37) are all
satisfied.

6) Substitution from Egs. (30) into Egs. (15-17) yields

X=X+ Y,—Y; .
£ = . R,=
! X, + Y, ?

X;—X,+Y;-Y,

(38)

o Xi=Xo+Y, -,
T X; + Y,

and these quantities may be substituted into Eq. (18) to deter-
mine whether or not one is dealing with a point on the curve
C,inFig. 1.

6a) From Eq. (29) and the inequalities (20), it follows that
the internal damping condition is satisfied if

(39

#>0 (40)

6b) Since X and Y are rigid bodies, their contributions
to Z;, may be calculated by using Eq. (27). The angular
velocities Z,* and Z,' are given by Z =0
z2,Y=¢,(c 2, +5,2;). Hence, with rX =¢ ¥ =0, one finds that

25, =Y56,2, + Y;5,2; @D
S(ai8ya8y)
Yy

T

T

|

]

]

|

| 0

T

| 450 Ca X tS(G’BX'SY)
AR R N S S—
T4 |

|

|

|

Al g
Cd
1 .3 | { l

[: STABILITY
@ INTERNAL INSTABILITY .
[D:D]] EXTERNAL INSTABILITY

Fig. 3 Stability chart for skewed boom satellite [S(«,8x,8y)>0
Bx+By—vx—vy>0l.
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and, using Eqgs. (31, 32, 38, 39, 41, 22, and 23), one obtains
HII =0 and

21—

N _[ Y (X;~X,) =X, (Y;=Y)) ]c
X;—X,+Y;-Y, «

The roll-yaw damping conditions (24) thus are satisfied if c,,
#0and

(X=X )/ X,#(Y;=Y)/Y, (42)

6¢) Proceeding similarly, one finds that the pitch damping

conditions (26) are satisfied if s, # 0 and
(X=X /I Xs#(Y,—Y,)/Y; 43)

If (40, 42, and 43) are satisfied, and if « is not equal to 0 or
#/2 (that is, if the hinge axis is skewed relative to the principal
axes of the satellite), then the system is pervasively damped
for regions 1 and 2 of the external stability chart exclusive of
curve C,. If, in addition, the inequalities (35-37) are satisfied,
then, by step 2 of Sec. 3, the Earth-pointing motion under
consideration is asymptotically stable; but if at least one of
these inequalities is violated by reversal and the motion is per-
vasively damped, then, in accordance with step 3 of Sec. 3, the
motion is unstable. These results are illustrated in Fig. 3,
where C, and C; are curves whose equations are, respectively,

Yx+vy=0 and (v,+vy)S(a,8x,8y) +vxyy=0, with

S(aBxBy) & [kQ-2+ 42848y (Bx+ By) ~11(3s2) !

Figure 3 corresponds to systems for which S(«,8y,8y) >0,
there is a similar stability chart (not included) corresponding
to systems for which S(«,8,8y) <0. The curve C, separates
aregion in the v,y y plane associated with external instability
from one corresponding to external stability. Both C, and C;
separate regions in the vy y,vy plane associated with internal
instability from ones corresponding to internal stability.
Thus, the points in this plane lying in the unshaded portion
represent values of the system parameters for which the
motion is stable, provided that the inequality (35) is satisfied.
If the system is pervasively damped, then the unshaded por-
tion corresponds to asymptotically stable configurations
[provided that the inequality (35) is satisfied], and the shaded
portion corresponds to ustable configurations.

One interesting feature of the stability chart is that there are
regions where the external stability conditions are satisfied but
the internal stability conditions are not satisfied. This can oc-
cur for k£;>0, demonstrating that the stability conditions for
the flexible, Earth-pointing satellite are not merely a simple
combination of the stability conditions for a rigid body (with
the same mass distribution as the flexible satellite in its
nominal configuration) and the Dirichlet conditions for the
internal potential energy of the satellite.

V. Theoretical Basis

Letting 7 denote the kinetic energy of S in N, one can ex-
press Lagrange’s equations of motion of S as

Ti¢—Ty=Fs (k=123) 44)

T,~T,=F, (r=1,..,n) 45)
where T ; and T ; denote, respectively, the partial derivatives
of T with respect-to 6, and ¢, (k=1,2,3; r=1, ..., n). The
generalized active forces F, , and F, are given by

Fo=(Fy) g+ (Fy); (k=123)

Fo=(F,)g+(Fg), (r=1 .., n)

J. SPACECRAFT

and detailed expressions for the terms appearing in the right-
hand members of these equations are available in Egs. (1, 2,
5, and 6).

In the following, we shall be concerned solely with
linearized equations of motion. To generate these by sub-
stitution into Egs. (44) and (45), one can use for T an ex-
pression in which terms of third and higher degree in 8, §,,
q,, and ¢q, (k=1,2,3; r=1, ..., n) have been dropped.
Moreover, if one defines g, (g), B,,r (q),and H,,(q) as

gs(Q) 2 (mB,,, B,y (rs=L...n) - 46)

B, (¢)=(mpxB,,> (r=1,...,n) 47
H ()%b,-B, () (k=123 r=1..,n) (48)

where the angular brackets denote summation over all par-
ticles of S, then, by methods similar to those employed in Ref.
1, one can verify that the quadratic approximation to T is
given by

where, with T, denoting the part of T that is independent of
0, 0, gand g

T0A= T,+2710? [j3,rqr+ (J,=T3)0(J,—T5)03+ (J,—J3)63
T,20[J,0;+H,q, + (J3—J))0,6,+7,6,6,

+ j3,rqr63 + (ﬁ2r91 "'I:Ilrez)q.r +H~3r,SqSQV ]
T,& (J,03+7,63+7563) +27'8,44,4,

+ (ﬁlré] +H2réz +H3r0.3 ) q'r

Equations of motion in which only linear terms appear ex-
plicity now can be generated by using 7T as given in Eq. (49)
when carrying out the differentiations indicated in the left-
hand members of (1) and (2), while using linearized ex-
pressions for F 5, and F,_for the right-hand members. When

this is done, one finds that the equations of motion are
satisfied by §=g =01if Eq. (7) is satisfied and if

Z,=0 (r=1,..,n) (50)
where
Z(@) 2 V() +0° [J,(9) =27 (9) —T5(9) ]
It can be shown that Eq. (50) is equivalent to Eq. (10).

When Eqgs. (7) and (50) are satisfied, the equations of
motion of S can be written as the matrix equation

K 0 ] [ 0:,6.6,q.9) 7
0
0
Mi+Gx+Kx= -D,(q.¢) |+ . (&3Y)
L -D.(g.¢) | L 0:0.0449) |

where x, M, G, and K are defined as follows:

XA= [6,6,05q;... 4n] T
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T 0 0 Hy H), ]
0 jz 0 H21 I:IZn
0 0 Ji  Hjy H;,
ME| H, H, Hf, 3, Ein
L Hln‘ HZn H.?n gnl gnn _d
I 0 J5-J,-T5) 0 -H);
(J5-T)-T) 0 0 Ay,
0 0 0 T3,
G-A_—Q F{u 'Hu ‘j3,1
L HZn 'I:IIn 'jj',n
-y 0 0 0
0 4(J5-J) 0 0
0 0 3U-T)
K202 0 0 0 Z
| 0 0 0 Z

The matrix M is a symmetric, positive definite ‘inertia’’
matrix; G is a skew-symmetric ‘‘gyroscopic’” matrix; and X is
a symmetric ‘‘stiffness’’ matrix.

To construct a Liapunov function, we begin by
premultiplying Eq. (51) with x7, which yields
2H=-D,g, 52

where
HE22-1(xTMx+xTKx) +0;(6,6,4,9)
=2 [ (XTMX+ (J;—T,) 03 +4(J;—J )63
+ 3, -T03+Z ,q,q,1 +05(0.6,9.4)

(The quantity H is the Hamiltonian of the conservative system
formed by setting D;=...=D,=0.) Stability criteria can be
established by stating conditions under which H is a Liapunov
function. To this end, note first that, as a consequence of Egs.
(52) and (8), H < 0. Next, suppose that

J3—J,>0 53)

J,=J;>0 (54)
and that there exists a neighborhood of 0 [in the 2(n +3)
dimensional vector space described in Sec. 3] at every point of
which

Z 5q,q45>0 (55)
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when g does not vanish identically. Then there exist neigh-
borhoods of 0 in which the sign of H depends solely on the
quadratic portion of H; H is a positive definite function of its
arguments in every such neighborhood (recall that M is
positive definite so that x7MXx is nonnegative); and H is thus a
Liapunov function. Accordingly,?6 when the three conditions
(53-55) are satisfied, the Earth-pointing motion described by
f=6=g=¢=0 is stable. Moreover, by adding a fourth
requirement, one can guarantee asymptotic stability. This
requirement is that there exist a neighborhood of 0 in which 0
is the only point for which both H=0 and Eq. (51) are
satisfied. We then say that for the Earth-pointing motion un-
der consideration the system is pervasively damped, and we
may conclude that the motion is asymptotically stable.

"I:IZn ]
I:I]n
jj,n

(H_?r,s“ﬁﬁ,r)

Z

Shn

By Sylvester’s criteria, condition (55) is satisfied if and only
if all principal minors of [Z,,s] are positive, that is, if and
only if the internal stability conditions presented in Sec. 3 are
satisfied. Thus, if at least one of the inequalities (53, 54, or 14)
is violated by reversal, then there exists in every neighborhood
of 0 points at which H is negative. If, in addition, the dam-
ping is pervasive, then the motion under consideration is un-
stable (Ref. 26, p. 38).

To obtain conditions that guarantee pervasive damping,?
we begin by expanding D, (g,9) as

D,(q.4)=D,+D, s+ D, sqs + 0,(q.9) (56)
and note that, if [D,] is positive definite, then it follows
from Eq. (52) that H=0 implies §,=0 (r=1,...,n). (The iden-
tity symbol here denotes equality for all £.) Under these cir-
cumstances, one immediately has §,=0 (r=1,...,n), and the
linear portion of Eq. (51) yields

j19.1+ﬂ(j3—j1—j2)6'2+92(j3—j2)01=0 (57)
T~ QT =T, —J5)0,+4Q2(J;—J,)0,=0 (58)
T3+ Q2 (T, —J))8;=0 (59)

§The approach here taken is due to Pringle.*® An alternative ap-
proach may be found in Ref. 27.
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Thus, the three quantities 6,, 8,, 9; must satisfy n+3 dif-
ferential equations. One way that they can do so is by
vanishing identically, provided that ¢,=0 (r=1,...,n). To
make certain that there is no other way, one can require that
at least one of H,, H, (r=1,...,n) and one of Hj, J;,
(r=1,...,n) differ from zero. If none of the left-hand mem-
bers of the internal stability conditions (14) vanish, then
[ Z,,s] is nonsingular, and it is then possible to solve Eqgs. (60)
for ¢j,...,q,. Such solution leads to time-dependant ex-
pressions for g (r=1,...,n) unless 6;=0 (i=1,2,3), since any
solution of Eqs. (57-59), other than the null solution,
generally involves trigonometric functions variously
possessing three distinct periods. But H=0 implies that ¢,=0
(r=1,...,n), as already mentioned. Hence g,(r=1,. n) can-
not be time-dependent, and 8,=0(i=1,2,3), q,=0 (r =1,...,n)
is now the only possibility. Consequently, pervasive damping
is guaranteed, except when the period of 6;[see Eq. (59)] is
equal to one of the two periods associated with the solution of
Eqgs. (57) and (58). This is the reason for taking the curve C;
defined in Eq. (19) into account?? explicitly when speaking of
pervasive damping.

It remains to be shown that A,,(k=1,2,3; r=1,...,n) can be
expressed as in Egs. (22, 23, and 25). To this end, note first
that one may write

B,.=Z

B ﬁ,r“’Z@,,,Xﬁ (r=1,...,n)

where w is the angular velocity of B in Z. Substitution into Eq.
(47) and use of Eq. (21) then gives

By =zh, —XmPX(Zs,xXp)) (r=1,..,n)
and, after using the identities
(mpxzdn‘ X[’) Y= (m(ﬁzu'ﬁﬁ) > ‘Zq,,r':_:j'zg,,f

where U is the unit dyadic, one arrives at

B =Z; —J-Zs (r=12,..,n) 61
Next, the angular velocity w can be written as?8
w=24,b3b,+2;5,-b,b,+25,b,b; (62)

where Z,, is the time derivative in 4 of b, (k=1,2,3), and, if
functions b,(g) are defined as b ;(g)= £bh, o2y sO that b =84,
then the right-hand side of the identity b =b ;2 can be ex-
panded in a power series in g to obtain

bi=z;+b,,q,2.+0,(q)  (j=12,3) (63)

This expression for b; yields, upon differentiation with
respect to time in reference frame Z,

Zo;=by 4,2, +0:(q.9) (/=123) (64)
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Substitution from Eqgs. (63) and (64) into Eq. (62) and sub-
sequent differentiation with respect to ¢, then shows that
(r=1,...,n)

Z=bys,2+b3,,2+b5,25 (65)

Finally, it may be verified? that

Ejk,r=(ijkr'_1 6]/()/(

ir Ii=Tw) (k=123 r=1, .., n)
and use of these expressions in conjunction with Eqgs. (65, 4,
15-17) permits one to rewrite Eq. (61) as

B =Z;, ~Ri'ly,2, =R 51 5,2, — R 15,25
from which the validity Eqs. (22, 23, and 25) follows by sub-
stitution into Eq. (48).

VI Conclusions

The procedure set forth in Sec. 3 has been applied to a num-
ber of satellite configurations having up to six internal degrees
of freedom. In each instance, there was a substantial savings
in labor resulting from uncoupling external and internal
stability conditions. It may appear that the savings in labor
become less and less significant as the number of internal
degrees of freedom increases. Actually, the opposite is the
case, for the labor in question arises in connection with testing
a matrix for positive definiteness. Hence, one should compare
testing a matrix of order n with testing one of order n+ 3. The
latter requires evaluation of only three additional deter-
minants, but each of these is larger than the largest one con-
sidered when one works with a matrix of order n, and the ad-
ditional labor required thus grows with .
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